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ABSTRACT: In problems of global hydroelastic ship response in severe seas including the whipping problem, we need 
to know the hydrodynamic forces acting on the ship hull during almost arbitrary ship motions. In terms of ship sections, 
some of them can enter water but others exit from water. Computations of nonlinear free surface flows, pressure dis-
tributions and hydrodynamic forces in parallel with the computations of the ship motions including elastic vibrations of 
the ship hull are time consuming and are suitable only for research purposes but not for practical calculations. In this 
paper, it is shown that the slamming forces can be decomposed in two components within three semi-analytical models 
of water entry. Only heave motion is considered. The first component is proportional to the entry speed squared and the 
second one to the body acceleration. The coefficients in these two components are functions of the penetration depth 
only and can be precomputed for given shape of the body. During the exit stage the hydrodynamic force is proportional 
to the acceleration of the body and independent of the body shape for bodies with small deadrise angles.  
KEY WORDS: Semi-analytical models of slamming; Force decomposition; Water exit. 
INTRODUCTION 
In problems of slamming and water entry, we need to evaluate the wetted area of a rigid body which penetrates the water 
surface, the pressure distribution over the wetted area, and the hydrodynamic force acting on the body. The body can be a part 
of a bigger structure such as a ship section or ship bow. The forces and pressure distributions needed in springing and whipping 
calculations have to be computed many times for different motions of the body. It would be very helpful to precalculate some 
quantities, which are independent of the body motions but depend on the body shape and the penetration depth only, and to use 
them for fast calculations of the slamming forces and pressure distributions for particular motions of the body. It is hard to 
expect that this is possible for fully nonlinear potential models of the slamming or CFD. However, this can be possible for 
simplified models of slamming which are able to provide very reasonable predictions of the slamming loads. We shall demon-
strate several possible decompositions of the slamming loads, explain which components can be precomputed, and show how 
the resulting formulae can be used in practical calculations. 
Three semi-analytical models of slamming are analysed in terms of such force decomposition. We start from the two-
dimensional (2D) models available at present: (1) Original Wagner Model (OWM); (2) Modified Logvinovich Model (MLM); 
(3) Generalised Wagner Model (GWM). Both symmetric 2D shapes and 3D shapes will be considered. Note that general 3D 
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shapes can be treated at present only by OWM and MLM. GWM is available only for axisymmetric 3D shapes. The predictions 
by the MLM are validated against the results by CFD and some experimental results. Finally the water exit model is reviewed 
and some new results are shown. Some ideas on using CFD for computing the components in the slamming force decom-
position are discussed at the end of the paper. 
TWO-DIMENSIONAL WATER ENTRY OF SYMMETRIC SHAPES  
We consider a 2D body shape of which is described by the equation ( )y f x= , where y the vertical is and x  horizontal 
coordinates. The line 0y =  corresponds to the initial position of the free surface, and the origin, 0x =  and 0y = , to the 
point of the first contact between the body surface and the water surface. In this section, the body is symmetric, 
( ) ( )f x f x− = , ( )0 0f = , and ( )' 0f x ≥ for 0x ≥ . Initially, 0t = , the body touches the flat water surface at a single 
point and penetrates the water afterwards at speed ( )'h t , where the body displacement ( )h t  is a given function of time. 
Asymmetric shapes can be considered in a similar way but the corresponding analysis is more complicated. 
Decomposition of slamming loads within the Original Wagner Model  
Within the Wagner model, the boundary conditions are linearized and imposed on the initial position of the free surface. In 
this model, the wetted part of the body is approximated by a flat plate with the plate length ( )2c t  being a function of time (see 
Korobkin, 1996, pp.332-335). Within the OWM the function ( )c t  depends on the shape function ( )f x  and the penetration 
depth ( )h t  but not on the body speed ( )'h t  and its acceleration ( )''h t . This function is computed as the solution of the 
equation 
( ) ( )2
0
2 sinf c t d h t
π
θ θπ =⎡ ⎤⎣ ⎦∫  (1) 
The Eq. (1) can be considered as a formula for computing the penetration depth h  for a prescribed c . Inverting 
numerically the latter formula, we obtain the radius of the contact region ( )c c h=  as a function of the penetration depth h .  
The vertical force ( )F t  acting on the body is given by 
( ) ( ) ' ,adF t m h hdt= ⎡ ⎤⎣ ⎦   (2) 
where ( ) ( )20.5am h c hπρ=  is the added mass of the flat plate which approximate the wetted surface of the entering body. 
The formula (2) can be presented as 
( ) ( ) ( )2' '',a admF t h m h hdh= +   (3) 
where ( ) ( )'adm dh c h c hπρ=  and ( )'c h  is calculated by differentiating (1) with respect to h  
( ) ( )
1
2
0
' ' sin sin
2
c h f c t d
ππ θ θ θ
−⎛ ⎞= ⎡ ⎤⎜ ⎟⎣ ⎦⎝ ⎠∫   (4) 
The pressure ( ),p x t  in the impact area, ( )x c h< , is given by the linearized Bernoulli equation 
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( ) ( ) ( )( ) ( ) ( )1 12 2 22 2, ' ' 1 '' 1p x t h c h h c hρ ξ ρ ξ−= − + −   (5) 
where ( )x c hξ = .  
Let the maximum value of ( )c t , which is the maximum size of the wetted region during the impact, be maxc . Then we 
calculate two integrals in (1) and (4) with c  from zero to maxc  and precalculate the coefficients ( )am h  and ( )( )adm dh h  
in (3) as functions of the penetration depth h . Then the formula (3) can be used for any vertical motion of the body with the 
shape function ( )f x . 
In a general form, the hydrodynamic pressure and the resulting force can be written as 
       ( ) ( ) ( )2' , '' , ,v wp h P h h P hρ ξ ρ ξ= +   (6) 
( ) ( ) ( )2' '' ,v wF h F h h F hρ ρ= +   (7) 
where the functions ( ),vP h ξ , ( ),wP h ξ , ( )vF h  and ( )wF h  are considered to be pre-calculated for a given shape of the 
section and given range of the wetted area during water impact. These functions are 
( ) ( )( ) ( ) ( )( ) ( )
1 1
2 22 2, ' 1 , , 1 , ,v w
xP h c h P h c h
c h
ξ ξ ξ ξ ξ−= − = − =   (8)  
( ) ( ) ( ) ( ) ( )21' ,
2v w
F h c h c h F h c hπ π= =   (9) 
within the Original Wagner Model.  
Decomposition of slamming loads within the Modified Logvinovich Model  
Within the MLM, we use the function ( )c h  defined by Eq. (1) but the calculations of the force ( )F t  are more com-
plicated than in the Wagner model. The main idea of the MLM is to use the Wagner approach (flat-disc approximation) for 
calculations of the flow generated by the impact, however, the pressure distribution in the wetted part of the body surface is 
calculated by using the nonlinear Bernoulli equation. The velocity potential along the wetted area is given by the Wagner model 
with a correction for the actual position of the entering body. 
By using the formulae from Korobkin (2004), we find that the pressure also can be presented in the form (6) but now 
( ) ( )( ) ( )( ) ( )1 12 2 2 22, ' 1 0.5cos 1 0.5sin ,vP h c hξ ξ α ξ α− −= − − − −   (10) 
( ) ( )( ) ( )12 2, 1 ,wP h c h f c h hξ ξ ξ= − + −⎡ ⎤⎣ ⎦   (11) 
where ( )( )arctan 'f c hα ξ= ⎡ ⎤⎣ ⎦  is the deadrise angle of the section. Note that in (10) and (11), the first terms are the same as 
in the Wagner model (compare with equations (8)). The pressure component (10) is not integrable in the impact region, 
( )x c t< . To compute the hydrodynamic force acting on the entering body, it was suggested in the original version of the 
MLM to reduce the region of integration to the interval ( )*x c t< , where ( ) ( )*c t c t<  and such that the pressure (6) with 
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the coefficients given by (10) and (11) is zero at ( )*x c t= ± . However, in this version of the MLM, ( )*c t  is dependent on 
both the speed ( )'h t  and acceleration ( )''h t  of the body. This implies that the decomposition of the force in the form (7) is 
impossible within the MLM as it was derived in Korobkin (2004). However, such decomposition is possible if we use another, 
not original, version of the MLM. Namely, it is suggested to calculate the force by using (6), (10) and (11) with integration of 
the second, proportional to the body acceleration term, over the Wagner interval ( )x c t<  but the first term, proportional to 
the body velocity squared, is integrated over the reduced interval ( )*x c h< , where ( ) ( ) ( )* *c h h c hξ=  and ( )* hξ  is the 
solution of the equation  
( )*, 0.vP h ξ =   (12) 
Then  
( ) ( ) ( )( )*
0
2 , ,
h
v vF h c h P h d
ξ ξ ξ= ∫   (13)   
( ) ( ) ( ) ( )( )2
0
2 2
2
c h
wF h c h hc h f x dx
π= − + ∫   (14) 
Such version of the MLM was suggested by Tassin et al. (2013) but a reason to introduce this version was different from 
that in the present analysis. In Tassin et al. (2013) Eq. (12) was used in order to match the hydrodynamic force predicted by the 
MLM during the entry stage with the hydrodynamic force during the exit stage, where the exit model was based on the Von 
Karman approximation.  
Decomposition of slamming loads within the Generalized Wagner Model  
The Generalized Wagner Model (GWM) was introduced by Zhao et al. (1996) and studied by Mei et al. (1999) and 
Malleron and Scolan (2008). Within this model the body boundary condition is imposed on the actual position of the entering 
surface, the free-surface boundary conditions are linearized and imposed on the pile-up height, which is determined as part of 
the solution. The hydrodynamic pressure is given by the non-linear Bernoulli equation. The hydrodynamic pressures which are 
below the atmospheric pressure are disregarded. The model was investigated by Mei et al. (1999) using conformal mapping 
technique but without any restriction on the pressure in the wetted part of the entering body. The pressure is integrable within 
the GWM. If the OWM is the simplest model of water impact and MLM is a version of OWM, then the GWM is a further 
generalization of MLM. Both the hydrodynamic pressure and velocity of the flow are singular at the intersection points between 
the moving surface of the entering body and the free surface of water. The GWM requires numerical calculations of a singular 
solution, which makes it complicated in practice. Drawbacks of the GWM compared both with the fully nonlinear potential 
model of water impact, where solutions are not singular, and OWM/MLM, where singularities are treated analytically, were 
discussed by Malenica and Korobkin (2007). In this section, we describe the algorithm of solving the GWM problem, which 
was introduced by Khabakhpasheva et al. (2014). 
The notations and unknown functions are the same as in OWM and MLM, except the equation for the elevation of the free 
surface. In GWM, the position of the liquid free surface during impact, ( ) ( ) ( ) ( ), , , , , ,0 0,y S x t S x t S x t S x= − = =  and 
the horizontal dimension of the contact region, ( ) ( )c t x c t− < < , between the liquid and the body are unknown in advance 
and have to be determined as part of the solution. 
Within the Generalized Wagner Model the function ( ) ( ) ,H t S c t t= ⎡ ⎤⎣ ⎦  is introduced. The boundary conditions on the 
free surface are linearized and imposed on the line ( ) ( ),y H t x c t= > , but not on the initial position of the free surface, 
0y = . as in OWM and MLM. The body boundary condition is taken in its original form and is imposed on the actual position 
of the body surface. The flow is symmetric with respect to the y-axis and is described by the velocity potential ( ), ,x y tϕ .  
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The liquid flow is governed by the equations 
( ) ( )( ( )) ( ) ( )( )2 0 , ,  ,ϕ∇ = < − < ∪ < >y f x h t x c t y H t x c t   (15) 
( ) ( )( )0 ,  ,ϕ = = >y H t x c t  (16)  
( ) ( )( ) ( )( ), , , ,t yS x t x H t t x c tϕ= >    (17)  
( ) ( ) ( ) ( ) ( )( )' ' ,  ,ϕ ϕ= − = − <y xf x h t y f x h t x c t    (18) 
 ( )2 20 ,x yϕ → + →∞   (19) 
( ) ( ) ( ) ,H t f c t h t= −⎡ ⎤⎣ ⎦   (20) 
( ) ( ), 0 0, 0 0.S x c= =   (21) 
If the function ( )c t  is known, then we calculate ( )H t  by using (20) and solve the boundary-value problem (15), (16), (18) 
and (19). Then we integrate the kinematic condition (17) subject to the initial conditions (21), evaluate ( ) ( ),S c t t H t=⎡ ⎤⎣ ⎦  
and substitute ( )H t  in Eq. (20). If the function ( )c t  is given correctly, Eq. (20) is identically satisfied at any time instant t . 
Eq. (20) is known as the Wagner condition which implies that the elevation of the free surface at the contact point ( )x c t=  is 
equal to the vertical coordinate of the body surface at this point. 
Once the boundary-value problem (15) - (21) has been solved, the hydrodynamic pressure ( ), ,p x y t  in the flow region is 
computed by using the non-linear and unsteady Bernoulli equation 
( ) 21, , .
2
ρ ϕ ϕ⎡ ⎤= − + ∇⎢ ⎥⎣ ⎦tp x y t   (22) 
Gravity and surface tension effects are not taken into account within this approach, as well as in OWM and MLM. 
Note that the conditions (16) and (18) do not match each other at the contact points. As a result, the flow velocity is singular 
at these points and the pressure (22) tends to −∞  when we approach the contact points. In the present version of GWM, only 
positive pressures matter, see Zhao et al. (1996). In order to achieve a decomposition of the hydrodynamic force in the form (7), 
the GWM will be modified below in a similar way as we did for the MLM in section 2.2. As to the pressure distribution by 
GWM, it is given in form (6) for any versions of GWM, including the original version by Zhao et al. (1996), the version by Mei 
et al. (1999) and the present version. Only some details of the analysis, which are needed to explain the decomposition within 
GWM, will be given below. See Khabakhpasheva et al. (2014) and Korobkin (2011) for more details.  
We introduce the stream function ( ), ,x y tψ , the complex variable z x iy= + , the complex potential 
( ) ( ) ( ), , , , ,w z t x y t i x y tϕ ψ= +  and the conformal mapping of the lower half plane ζ , ( ) 0Im ζ < , onto the flow domain, 
( ) ( ),z iH t F cζ= + . Here ( )1, ,F c c± = ± ,iζ ξ η= +  ( ) ( ) ( ), , , , , ,R IF c F c iF cζ ξ η ξ η= +  ( ), , ,Rx F cξ η=( ) ( ), , ,Iy F c H tξ η= +  ( ) ( ), , 0, ,RX c F cξ ξ= and ( ) ( ) ( ) ( ) ( ), , , ' ,w z t w iH t F c t h t w cζ ζ= + =⎡ ⎤⎣ ⎦ % . It can be shown that 
( ) ( ) ( ) 2, , 1 .w c i F c F cζ ζ ζ∞⎡ ⎤= − −⎣ ⎦%   (23) 
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It is important to note that the complex potential ( ),w z t  is decomposed as the product of the entry speed ( )'h t  and the 
potential which corresponds to the unit speed of the impact. The real function ( )F c∞ in (23) is the coefficient in the far-field 
asymptotics of the conformal mapping, ( ) ( ), ~ζ ζ∞F c F c  as ζ → ∞ . Eq. (23) shows that the velocity potential in the 
contact region is known if we know the function ( ),X cξ . This function is calculated numerically in Khabakhpasheva et al. 
(2014). 
The coordinate of the contact point ( )c t  is a very important component of the Wagner models. Within GWM this 
function is determined by the Wagner condition (20), where ( )H t  is calculated by integration of the kinematic condition (17). 
It is shown below that the coordinate of the contact point is a function of the penetration depth ( ),h c c h= . The Wagner 
condition reads 
( ) ( )( ) ( ) ( )
0
, , ,
t
c t H d f c t h t
y
ϕ τ τ τ∂ = −⎡ ⎤⎣ ⎦∂∫   (24) 
where the vertical velocity on the free surface, ( )x c t> , is given by the formula 
( )( ) ( ) ( )( ) 2, , ' 1 ., 1ξ
ξϕ
ξ ξ
∞⎡ ⎤∂ ⎢ ⎥= −∂ ⎢ ⎥−⎣ ⎦
F c
x H t t h t
y X c
  (25) 
Note that 1ξ >  in (25). 
We substitute the vertical velocity (25) in the Wagner Eq. (24). Taking into account that ( ) ( ),t c c tτ τ≤ ≤  and 
( )1,c X c= , introducing new time-like variable c  instead of t  (now ( )t T c=  new integration variable 0c  such that ( )0T cτ =  and new function ( )0,c cξ  defined by the equation ( )0 0, ,c X c c cξ= ⎡ ⎤⎣ ⎦ , we can present Eq. (24) in the form 
( ) ( ) [ ] ( )( ) ( )
0 0 0
00 2
0 0 0
,
,
, , , 1
c F c c c dc
f c N c
X c c c c cξ
ξ
ξ ξ
∞=
−⎡ ⎤⎣ ⎦∫   (26)  
where 
( ) ( )( ) .
h t
N c t
c t
=⎡ ⎤⎣ ⎦
&
&  (27)  
Eq. (26) is a singular integral equation with respect to the unknown function ( )N c . This equation can be written in the 
form  
( ) ( ) ( )( ) ( ) ( )
( )
( )
0 0
00 2 2
0
æ
æ
, 2
, ,
1
π α
π α
−= = −−∫
c
c
m c c dc c
f c N c c
cc c
  (28) 
where the bounded function ( )0,m c c  is calculated by integration of an auxiliary ordinary differential equation once the 
conformal mapping ( ),F cζ  is known. Eq. (28) reduces to the classical Wagner equation when ( )0, 1m c c =  and ( )æ 1
2
=c . 
The solution ( )N c  of the integral Eq. (28) is independent of the body motion but depends on the body shape and the 
size of the contact region c , which is similar to both OWM and MLM. This function is suggested to be precomputed and 
integrated as 
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( )0 00 ,ch N c dc= ∫  (29)  
which provides the required relation between c  and h  independently on actual motion of the body. This relation is denoted 
in the following as ( )c c h= . 
Substituting (23) in the Bernoulli Eq. (22), we arrive at the formula (6) for the pressure distribution over the wetted part of 
the entering body surface but now in parametric form with 
( ) ( )( ) ( ) ( )
( )
( ) ( ) ( )
( ) ( )
( )
( )
( )
'2
2 2
2 2
, 0.5 1, 1 1 1 ,
, 21 ,
k c k cc x
v
x
X c F c f c
P h
N c S c N c N cf X S c
ξ ξ ξξ ξ ξ ξξ ξ
− − ∞= − − − + − + −+     (30) 
( ) ( ) ( ) ( ) 2, 1 ,wP h f X f c F cξ ξ∞= − + −    
( ) ( ) ( ) ( ), , 1 1 ,S c X c F cα πξξ ξ ξ ξ ∞= − −  (31) 
where ( )cα  is the deadrise angle, ( ) ( )' , 0 2.c f cα α π= < <   
It is important that the functions ( ),vP h ξ  and ( ),wP h ξ  do not depend on the body motion but only on the body shape 
and its displacement. The derivatives ( ),cX cξ  and ( )'F c∞ in (30) are calculated numerically. Note that the hydrodynamic 
force is calculated with the original version of the GWM by integrating only the positive hydrodynamic pressures, see Zhao et 
al. (1996). This is a complicated procedure which requires the solution of the equation ( ), , ', '' 0p h h hξ =  with respect to ξ . 
However, in contrast to the MLM, the pressure in the GWM is integrable in the contact region. If we integrate the pressure just 
along the contact region without distinguishing positive and negative pressures as it was suggested by Mei, Liu and Yue (1999), 
then the calculation of the total force is rather straightforward. However, the version of the GWM by Mei, Liu and Yue 
significantly underpredicts the impact forces for small deadrise angles and does not reproduce the Wagner force for very small 
deadrise angles.  
In the original GWM by Zhao et al. (1996), the integration interval was suggested to reduce such that the pressure (6) is zero 
at the ends ( )*x c t= ±  of this new interval. However, in this case ( )*c t  is dependent on both the speed ( )'h t and 
acceleration ( )''h t  of the body. This implies that the decomposition of the force in the form (7) is impossible within the GWM 
as it is described in Zhao et al. (1996). Such a decomposition becomes possible if we use another, not original, version of the 
GWM. Namely, it is suggested to calculate the force by using (6), (30) and (31) with integration of the second, proportional to 
the body acceleration, term over the interval ( )x c t<  as in Mei et al. (1999) but the first term, proportional to the body 
velocity squared, is integrated over the reduced interval ( )*x c h<  , where ( ) ( ) ( )( )* * ,c h X h c hξ=  and ( )* hξ   is the 
solution of the equation  
( )*, 0.vP h ξ =     (32)  
Then  
( ) ( ) ( ) ( )( )( )* 12 2
0
2 , , 1 ,
h
v vF h F c P h U c d
ξ ξ ξ ξ ξ−∞= −∫   (33) 
( ) ( ) ( ) ( ) ( ) ( )( )12
0 0
2 , 2 2 .ξ ξ∞= − +∫ ∫ c hwF h F c U c d f c c h f x dx   (34) 
Such version of the GWM has not been tested yet. 
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THREE-DIMENSIONAL WATER ENTRY OF SMOOTH SHAPES  
In the three-dimensional entry problems, we consider a rigid body, position of which is described by the equation 
( ) ( ),z f x y h t= − .  The body penetrates the water surface, which is initially flat 0z = , at speed ( )'h t . The shape of the 
body is such that ( )0,0 0f =  and ( ), 0f x y >  where 2 2 0x y+ > . The so-called Karman line ( )K hΓ  is defined by the 
equation ( ),f x y h= . This is the intersection of the surface of the moving body and the initial position of the free surface. The 
region ( )KD h  in the plane 0z =  surrounded by the closed curve ( )K hΓ  is called the Karman contact region. We consider 
only the shapes such that ( ) ( )1 2K KD h D h⊂  for any 2 1h h> . Note that ( )KD h  is a flat plate in the plane 0z = . Actual 
contact region between the liquid and the moving body is three-dimensional and its projection on the plane 0z =  is larger 
than ( )KD h  due to the pile-up effect when the free surface piles up towards the entering body. Within the Wagner model, the 
pile-up effects is taken into account. The projection of the 3D wetted part of the body on 0z =  is approximated in the Wagner 
model by a plate ( )WD h  with the boundary ( )W hΓ . Physical reasonings provide that ( ) ( )K WD h D h⊂ . However, it is not 
clear that ( ) ( )1 2W WD h D h⊂  if ( ) ( )1 2K KD h D h⊂  for any 2 1h h> . In the Wagner model only shapes such that ( ) ( )1 2W WD h D h⊂  for any 2 1h h>  are considered. It is important to notice that the contact region in the Wagner model ( )WD h  depends on the penetration depth but not on the body velocity and acceleration. This fact makes it possible to 
decompose the pressure and the hydrodynamic force within the OWM and MLM in a similar way as it has been done in section 
2 for two-dimensional impact problems. 
Decomposition of 3D slamming loads within the Original Wagner Model  
Within the Wagner model, the hydrodynamic force acting on a 3D body penetrating water free surface vertically is given by 
the formula  
( ) ( ) ( )( )' ,adF t m h h tdt=  (35) 
where ( )am h  is the added mass of the flat plate ( )WD h  on the boundary of the liquid, 0z = , and representing the wetted 
part of the body surface 
( ) ( )( ) , , 0, .Wa D hm h x y h dxdyρ ϕ= − ∫ ∫   (36) 
  The potential ( ), , ,ϕ x y z h  in (36) is the solution of the following problem 
( )2 0 0 ,zϕ∇ = <  
( ( ))0 0, , ,z r R hϕ θ= = >    
( ( ))1 0, , ,z r R h
z
ϕ θ∂ = − = <∂  
( )2 2 20 ,x y zϕ → + + →∞  (37) 
where ( ) { ( )} ( )2 2 20, , ,0 0WD h z x y R h Rθ θ= = + < =  and cos , sinx r y rθ θ= = . The function ( ),R hθ  is such 
that the displacement potential ( ), , ,x y z hΦ , which is the solution of the following problem (see Scolan and Korobkin, 2001). 
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( )2 0 0 ,z∇ Φ = <  
( )( )0 0, , ,z r R hθΦ = = >     
( ) ( ( )), 0, , ,f x y h z r R h
z
θ∂Φ = − = <∂  
( )2 2 20 ,x y zΦ→ + + →∞  (38) 
is continuous together with its first derivatives up to the boundary 0z = . This condition means that ,  ,  Φ Φ Φx y  and zΦ  
are continuous at the contact line ( ), ,  0θ= =r R h z . The latter condition serves to determine the contact line within the 
Wagner model. In general, the function R  in (37) depends on θ  for three-dimensional problems and the motion of the body. 
However, it is clear from (38) that the contact line depends only on the body shape ( ),f x y  and the penetration depth h but 
not on actual motion of the body. 
Let us assume that the problem (38) has been solved and the function ( ),R hθ  is known. Then we can solve the problem 
(37) by numerical methods. It is known that for smooth surfaces 
( ) ( ) ( ) ( )( )121, , 0, ~ , ,  , 0 ,ϕ θ θ θ− → −⎡ ⎤⎣ ⎦x y h C h R h r r R h  (39) 
where the function ( )1 ,C hθ  is to be determined. To find the pressure in the contact region, we need to know the time 
derivative of the velocity potential ( ) ( )' , ,0,h t x y hϕ . We obtain 
( ) ( ) ( ) ( ) ( )2, ,0, '' , ,0, ' , ,0, ,hp x y t h t x y h h x y hρ ϕ ρ ϕ= − −   (40) 
where the derivative hϕ  is the solution of the homogeneous problem 
( )2 0 0 ,h zϕ∇ = <  
( ( ))0 0 , ,h z r R hϕ θ= = >  
( ( ))0 0 ,h z r R h
z
ϕ θ∂ = = <∂  
( )2 2 20 ,h x y zϕ → + + →∞  (41) 
specified by its asymptotic behaviour at the contact line 
( ) ( ) ( ) ( ) ( )( )1211, ,0, ~ , , , , 0 ,2ϕ θ θ θ θ−− → −⎡ ⎤⎣ ⎦h hx y h C h R h R h r r R h   (42) 
which follows from (39). 
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Then the pressure distribution and the hydrodynamic force acting on the body can be decomposed as 
( ) ( ) ( ) ( )2, ,0, ' , , '' , , ,v wp x y t h P h x y h P h x yρ ρ= +   (43) 
( ) ( ) ( ) ( )2' '' ,v wF t h F h h F hρ ρ= +   (44) 
where the coefficients can be precomputed as  
( ) ( ) ( ) ( ), , , ,0, , , , , ,0, ,v h wP h x y x y h P h x y x y hϕ ϕ= − = −   (45) 
( ) ( )( ) ( ) ( )( ), , 0, , , , 0, .W Wv h wD h D hF h x y h dxdy F h x y h dxdyϕ ϕ= − = −∫ ∫ ∫ ∫   (46) 
Therefore the pressure and force decompositions (6) and (7) are valid also in the three-dimensional problems of vertical 
entry of a smooth body within the Original Wagner Model. To determine the components in these decompositions, one needs to 
solve first the problem (38) and to find the function ( ),R hθ  for a given range of the penetration depths h . Then the linear 
problem (37) with respect to the potential ϕ  should be solved. This potential is continuous on the boundary 0z =  and its 
first derivatives are square-root integrable at the contact line ( ),r R hθ=  according to (39). The coefficient ( )1 ,C tθ  is 
determined as part of the solution. Finally, one needs to compute the derivative hϕ  as the solution of the homogeneous 
problem (41) with the condition (42) at the contact line. Note that the potential hϕ  is singular at this line. 
Decomposition of 3D slamming loads within the MLM 
Within MLM we use the same potentials ( ), ,0,x y hϕ  and ( ), ,0,h x y hϕ  as in OWM. Decompositions (43) and (44) are 
valid also in MLM. But now    
( ) ( ) [ ]( )
2
2
2
11, , , , 0, 1 ,
2 1
v h
f f
P h x y x y h
f
ϕϕ ϕ ∇ ∇ −∇ −= − − − ∇ + + ∇   (47) 
( ) ( ) ( ), , , ,0, , .ϕ− + −wP h x y x y h f x y h   (48) 
The first term in (47) is of the order of ( ) 12,R h rθ −−⎡ ⎤⎣ ⎦  near the contact line, and the third and fourth terms are  of ( ) 1,R h rθ −−⎡ ⎤⎣ ⎦ . Therefore vP → −∞  as ( ), 0r R hθ→ − . The line ( )* ,r R hθ= , at which 0vP = , is introduced and ( )vF h  is defined by 
( ) ( )( )* , , ,Wv vD hF h P h x y dxdy= ∫ ∫   (49) 
where ( ) { ( )}* 2 2 *20, ,WD h z x y R hθ= = + <  The coefficient ( )wF h  is computed for the Wagner contact line 
( ) ( )( ) , , .Ww wD hF h P h x y dxdy= ∫ ∫  (50) 
Therefore the pressure and force decompositions (6) and (7) are valid also in the three-dimensional problems of vertical 
entry of a smooth body within the Modified Logvinovich Model.  
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FORCE PREDICTIONS BY MLM  
The GWM was well validated in the past. The MLM is less validated but the available results suggest that this model can be 
used for the deadrise angles less than 70 degrees. 
Calculations by MLM were performed for the ship section studied in Zhu et al. (2005) by Constrained Interpolation Profile 
(CIP) method. The inclination angle is equal to 0, 4.8 and 20.3 degrees. In the calculations, the maximum angle between the 
vertical and the tangent to the inclined section was limited to 45 degrees, water density is equal to 1000 kg/m3 and the section 
width is 10cm. The hydrodynamic forces acting on the ship section are shown in Figs. 1 and 2 for zero and 4.8 degrees heel 
angle correspondingly. The displacement ( )h t  of the section was taken from the CIP results by Zhu et al. (2005). No time 
shifts are used in these figures. A time shift in Fig. 1 would make the comparison better. Note that the CIP prediction well 
corresponds to the experimental force with zero heel angle. As to Fig. 2, where heel angle is small, both CIP and MLM predic-
tions are rather different from the experimental force. The vertical force acting on the same ship section but now with the heel 
angle of 20.3 degrees is shown in Fig. 3. It is seen that both CIP and MLM overpredict the force. 
 
 
Fig. 1 The hydrodynamic force acting on the ship section from Zhu et al. (2005) dropped from 0.318 m with zero heel 
angle. The horizontal axis is for time measured in seconds and the vertical axis is for the vertical force measured  
in newtons. The force measured in the experiments is shown by solid line, the force predicted by the CIP  
method is shown by the dotted line, and the prediction by the MLM is shown by the dashed line. 
 
 
Fig. 2 The hydrodynamic force acting on the ship section from Zhu et al. (2005) dropped from 0.17 m with the heel 
angle 4.8 degrees. The horizontal axis is for time measured in seconds and the vertical axis is for the vertical force 
measured in newtons. The force measured in the experiments is shown by solid line, the force predicted by the  
CIP method is shown by the dotted line, and the prediction by the MLM is shown by the dashed line. 
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Fig. 3 The hydrodynamic force acting on the ship section from Zhu et al. (2005) dropped from 0.3 m with the heel angle 
20.3 degrees. The horizontal axis is for time measured in seconds and the vertical axis is for the vertical force measured 
in newtons. The force measured in the experiments is shown by solid line, the force predicted by the CIP  
method is shown by the dotted line, and the prediction by the MLM is shown by the dashed line. 
 
In Fig. 4, the non-dimensional slamming coefficient ( ) 21
2s v
C F h R Rπ⎛ ⎞= ⎜ ⎟⎝ ⎠  is depicted for water entry of a sphere of  
radius R  as a function of the non-dimensional penetration depth h R . The sphere enters water at a constant speed. It is seen 
that the force coefficient by the MLM (dashed line) is very close to the numerical results by Battistin and Iafrati (2003) (solid 
line) and the experimental results by Baldwin and Steves (1975) (squares) and Nisewanger (1961) (triangles) in the interval 
0 0.25h R< < , which corresponds to the deadrise angles below 53 degrees. 
 
 
Fig. 4 The non-dimensional slamming coefficient sC  as a function of the non-dimensional penetration depth h R  for 
a sphere entering water at a constant speed. The dashed-dotted line corresponds to the OWM, thick solid line  
to the MLM, thin line to the BEM by Battistin and Iafrati (2003), and the markers to the experimental  
results by Baldwin et al. (squares) and Nisewanger (triangles). 
HYDRODYNAMIC FORCE DURING THE WATER EXIT 
In whipping calculations, motions of the ship are such that ship sections enter the water and exit from water. Both entry and 
exit stages should be considered in calculations of the forces acting on the ship sections. The loads on the exit stage, when a 
body exits from water vertically, are negative. This is, the hydrodynamic force opposes the direction of the body motion. These 
negative loads can be of the same order as the loads during the entry stage but, in general, last longer (see Korobkin, 2013). 
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Such loads acting on the ship sections during the exit stage affects the elastic response of the ship hull in severe seas. The 
simplest model of water exit (lifting of a body from the free surface) is based on the von Karman approach. In this approach, the 
wetted part of the body is shrinking and is determined as the part of the body surface below the equilibrium water level. The 
hydrodynamic force is computed without account of the variation of the added mass of the body in time. This approach was 
employed by Tassin et al. (2013). This approach well describes the magnitude of the force but underpredicts its duration. 
Another approach was developed in Korobkin (2013) and generalized in Korobkin et al. (2014). This new approach is based 
on the flat-disc approximation and can be used for bodies with small deadrise angles and large accelerations of the body motion. 
The approach employs the following assumptions: the liquid is inviscid, gravity and surface tension effects are negligible, the 
liquid occupies the lower half-plane and is initially at rest, the exit stage is of short duration, the speed of the boundary of the 
wetted region is proportional to the local tangential speed of the flow. These assumptions make it possible to linearize the equa-
tions of the flow and the boundary conditions, and impose the boundary conditions on the initial level of the water surface. The 
resulting boundary problem is formulated in terms of the time derivative of the velocity potential, ( ), , ,t x y tϕ  in the two-
dimensional case. The solutions of the corresponding two-dimensional and axisymmetric problems of exit are presented in 
Korobkin (2013). The hydrodynamic force is given by the formula 
( ) ( ) ( )'' ,aF t h t m C= −   (51) 
where the body acceleration ( )''h t  is strictly positive (directed upwards) and the added mass ( ) 20.5am c cπρ= . The contact 
region in the exit problem, ( ) ( ) , 0c t x c t y− < < = , is shrinking, ( )' 0c t < . The condition at the contact point ( )x c t=  
in the symmetric case leads to the equation 
( ) ( )( ) ( )0 2 2
''
,
t h ddc c t
dt c c t
τ τγ τ= − −∫   (52) 
where γ  is an undetermined coefficient. This coefficient was selected to fit the computational results by Piro and Maki (2011) 
for exit of a parabolic contour.It was found that 2γ =  well fits the CFD results both for parabolic contours and wedges. Note 
that the shape of the body is not included in the model of water exit. The Eq. (52) is solved numerically for a given acceleration 
of the body. The hydrodynamic force (51) depends on the acceleration of the body ( )''h t  and the initial size of the wetted area 
02c  which is needed as the initial condition for the Eq. (52). 
 
 
Fig. 5 The hydrodynamic force acting on the parabolic contour during its exit from water. The radius R  of the 
parabolic contour at its lowest point is 1.4 m. Initially the body is submerged at 1 cm and starts to  
exit the water with the initial acceleration of 1 m/s2. The theoretical prediction by (54) is  
shown by the solid line and the CFD prediction by the dashed line. 
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The hydrodynamic force acting on a half of the parabolic contour ( ) ( )2 02y x R h h t= − + , where 1.4R m≈ , 0 1h = cm  
and ( ) 2 3 0 0'' 2 , 1 , 1 , 2h t a bt a ms b ms c Rh− −= + = = − = , and predicted by the present model (54) is shown in Fig. 5 by the 
solid line. Here the time is measured in seconds and the force in N/m for the two-dimensional problem. Initially the contour is 
submerged at 1 cm into water occupying the lower half-plane. Both the body and the liquid are initially at rest. Then the contour 
starts to exit the water with the initial acceleration a  and zero initial speed. Then the acceleration of the body decreases down 
to zero at 0.5t = sec. The numerical force is shown by the dashed line. It was obtained numerically with a VOF-based Navier-
Stokes solver from the OpenFOAM library (Korobkin et al., 2014). It is seen that the theoretical and numerical forces are in a 
good agreement except the very early stage of exit. 
 
 
Fig. 6 The non-dimensional hydrodynamic force *F  acting on the wedge during the entry and exit stages  
as a function of the non-dimensional time *t . The solid line corresponds to the theoretical prediction  
by the OWM during the entry stage, *0 1t< < , and by the present exit model during the  
exit stage. The dashed line is obtained by CFD in Piro and Maki, (2013). 
 
The present model for the exit stage can be combined with either the OWM or MLM to describe both entry and exit of a 
body through the water surface. The hydrodynamic force acting on a rigid wedge entering water with a constant deceleration 
was numerically studied by Piro and Maki (2013). The wedge was with the deadrise angle of ten degrees. The initial velocity of 
the wedge was 4 m/s and the deceleration was 92 ms-2. The entry stage lasted 0.0438 sec. At the end of the entry stage the 
vertical velocity of the wedge was zero. Then the body started to move upwards exiting water. The non-dimensional hydro-
dynamic force *F  with the scale of 8 kN/m is shown in Fig. 6 as a function of the non-dimensional time * 0t t t= , where 0t  
is the duration of the entry stage. The solid line in this figure corresponds to the theoretical prediction by the OWM during the 
entry stage, *0 1t< < , and by the present exit model during the exit stage, * 1t > . The dashed line is obtained by CFD (see 
Piro and Maki, 2013). It is seen that the exit stage lasts longer than the entry stage and the negative loads during the exit stage 
are comparable in magnitude with the positive loads during the entry stage. By using the MLM during the entry stage, Tassin et 
al. (2013) found that the CFD and MLM predictions of the loads are very close to each other. 
CONCLUSION 
It has been shown that the slamming force can be presented in the form (7) for several approximate models. It is not 
expected that this is true for the Fully Non-linear Potential (FNP) model and CFD. However, the predictions of the slamming 
forces by GWM and MLM were shown to be rather accurate. This makes it possible to hope that the decomposition (7) is 
approximately valid also for FNP model and even CFD. If so, the coefficients in (7) can be calculated by CFD. The idea is to 
compute the hydrodynamic forces by CFD for a given shape (2D or 3D) for different motions of the body, ( )h t , and then to 
use formula (7) to identify the coefficients together with their deviations from the mean values. Note that the procedure 
introduced and formula (7) do not need any input from the water impact models OWM, MLM or GWM. This implies that it 
will be beneficial and helpful to compare the predictions by the simplified models with those by CFD. 
It was concluded that the MLM can be used for ship sections with deadrise angle up to 53 degrees. The linearized exit 
model from section 5 is rather accurate but its validation and possible improvements are needed. Slamming of a floating body, 
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which is already in contact with water at the beginning of impact, was studied by Korobkin and Iafrati (2005) and is not covered 
in this paper. 
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